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Control Invariant Sets of Linear Systems with Bounded Disturbances

Shuyou Yu, Yu Zhou, Ting Qu, Fang Xu, and Yan Ma*

Abstract: In this paper, algorithms to compute robust control invariant sets are proposed for linear continuous-time
systems subject to additive but bounded disturbances. Robust control invariant sets of linear time invariant systems
are achieved by logarithmic norm. Robust control invariant sets of linear uncertain systems, which are level sets of
the storage functions, are obtained by solving functional differential inequality. Simulation shows that the proposed
algorithms can yield improved minimal volume robust control invariant sets approximations in comparison with the

schemes in the existing literature.
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1. INTRODUCTION

Robust control invariant set refers to a bounded state
space region in which the system state can be con-
fined, despite the presence of disturbances or uncertain-
ties, through the application of a control law [1-3]. Invari-
ant set plays an important role in the robustness analysis
and synthesis of controllers for uncertain systems [4-9].
Furthermore, terminal set, which is an invariant set of con-
sidered systems under a control law, is needed in the for-
mulation of model predictive control [11, 12]. Both recur-
sive feasibility and asymptotic stability can be assured by
the appropriately chosen terminal set and terminal control
law [13-16]. The existence of stabilizing control laws for
discrete-time linear constrained system on controlled in-
variant sets is proved in [10].

The effect of disturbances or perturbations is a common
issue in the analysis and synthesis of dynamical systems.
In a typical situation, the value of the perturbations or dis-
turbances is unknown but bounded. If the perturbations
or disturbances are non-vanishing, i.e., do not disappear
while time goes to infinite, asymptotic stability cannot be
achieved in general. However, under certain conditions,
ultimate boundedness or robust control invariance can be
guaranteed. Recently, many research efforts have been de-
voted to computing robust invariant sets. The approxima-
tion of the minimal robust invariant set for an asymptot-
ically stable discrete time linear system is considered in
[17], which allows one to a priori specify the accuracy
of the approximation. A procedure and theoretical results

are presented for the problem of determining a minimal
robust control invariant set for a linear discrete-time sys-
tem subject to unknown and bounded disturbances, where
the procedure computes via the solving of a linear pro-
gramming [18]. A family of parameterized robust control
invariant sets for linear discrete time systems subject to
additive but bounded disturbances is characterized in [19],
where the existence of a member of the introduced family
of parameterized robust control invariant sets can be veri-
fied by solving a tractable convex optimization problem in
the linear convex case. Nonlinear control law (piecewise
affine in the most frequently encountered cases), rather
than linear control law [17], is adopted in [20], where the
existence of two families of robust control invariant sets
is established. The problem of evaluating robust control
invariant sets for linear discrete time systems subject to
state and input constraints as well as additive disturbances
is considered in [21], where a numerically efficient algo-
rithm for the computation of full-complexity polytopic ro-
bust control invariant sets are presented. A method is pre-
sented in [22] for determining robust invariant sets and as-
sociated linear feedback laws for discrete-time linear sys-
tems with polytopic uncertainty. The problem of comput-
ing a maximal controlled invariant low-complexity poly-
topic set is then formulated as a bilinear constrained prob-
lem, and a relaxation of this problem is derived as an it-
erative sequence of convex programs. An algorithm is
proposed in [2] to compute robust control invariant sets
for linear discrete-time systems subject to norm-bounded
model uncertainties, additive disturbances and polytopic
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constraints on the input and state. The proposed scheme
explicitly takes account of norm-bounded model uncer-
tainty and does not require any iterative computations or
initial estimates of the invariant set. The construction of
robust control invariant sets of systems with matched non-
linearity and a particular class of piecewise affine systems
are exploited in [23]. The maximum controlled invari-
ant set for discrete as well as continuous time nonlinear
dynamical systems are characterized as the solution of a
finite-dimensional linear programming problem [24, 25].
The problem of determining the maximal contractively
invariant ellipsoids for discrete time systems with multi-
ple inputs under saturated linear feedback is considered in
[26]. An algebraic computational approach to determining
such maximal contractively invariant ellipsoids are pro-
posed. A real function is called a D. C. function if it is a
difference of two convex functions. A method for comput-
ing a convex robust control invariant set for discrete-time
nonlinear uncertain systems is presented in [27], which re-
sorts to the properties of D. C. functions. The ellipsoidal
invariant set of fractional order systems subject to actua-
tor saturation is investigated in [28], where the lyapunov
direct approach and fractional order inequality are applied
to.

In this paper, algorithms for computing robust control
invariant sets are proposed. Exploiting the properties of
logarithmic norm, a sufficient condition for computing the
robust control invariant set of linear time-invariant sys-
tems is provided. Based on a functional inequality, robust
control invariant sets of linear systems with perturbations
and disturbances are considered. The proposed methods
are interesting for two reasons. On one hand, it indicates
further that robust control invariant sets are useful tool for
controller synthesis of linear uncertain systems, and guar-
antees robust stability for an adequate set of initial condi-
tions. On the other hand, it provides a fairly simple algo-
rithmic procedure.

This paper is organized as follows. Section 2 includes
problem setup, and the definition of robust (control) in-
variant sets. Section 3 deals with the problem of calculat-
ing robust control invariant sets for linear time-invariant
system by logarithmic norm. Section 4 reviews a gen-
eral scheme to compute robust control invariant sets, and
discusses robust control invariant sets of linear uncertain
systems, namely polytopic and norm-bounded uncertain
systems. Finally, Section 6 concludes the paper.

1.1. Notations and basic definitions

Let R denote the field of real numbers, R" the n-
dimensional Euclidean space, Z the set of integer num-
bers. For a vector v € R”, ||v|| denotes the 2-norm. Sup-
pose that M € R™", Apin(M) (Amax(M)) is the smallest
(largest) real part of eigenvalues of the matrix M. More-
over, the symbol « is used to denote the symmetric part

of a matrix, i.e., | bt =14

R /e b
notes the convex hull of a set. For a symmetric matrix
X e R let X = 0(X = 0) denote that X is a positive
(semi-) definite matrix, and X < 0(X < 0) denote that X is

a negative (semi-) definite matrix.

:] . The term Co{-} de-

2. PROBLEM SETUP
Consider the following linear uncertain systems:
X(t) =(A+AA)x(t) + (B+AB)u(t)
+ (Bw +AB,,)w(t), (D

where x(7) € R™ is the state of the system, u(t) € R™ the
control input. The signal w(¢) € R™ is the exogenous dis-
turbance or uncertainty, which is unknown but bounded,
and lies in a compact set

Wi={weR™

||W|| S Wmax} ’

ie., w(t) € W for all t > 0. The system matrices A €
R=> B € R™*™ and B,, € R™*™ are constant matrices,
AA € R AB € R"™*"™ and AB,, € R™*" are compati-
ble uncertain matrices.

Note that F(x) := (A + AA)x + (B+ AB)u + (B, +
AB,,)w is a real-valued functional or a differential inclu-
sion rather than a function [29]. Accordingly, the linear
time invariant system

x(t) = Ax(t) + Bu(t) + B,w(t) 2)

is the nominal system of the given system (1).

Next, the definition of robust control invariant set and a
technical assumption are introduced. It shows that a robust
(control) invariant set is a region where the trajectory gen-
erated by the dynamical systems (under control) remains
confined in the region if the initial state lies in it.

Definition 1 [5]: A set Q C R” is a robust control in-
variant set for the system (1) if there exists a feedback
control law x(-) such that for all x(¢y) € Q, x(¢) € Q for
allw € W and for all ¢t > 1.

Furthermore, if the control law k(-) is determined a pri-
ori, Q is a robust invariant set of the closed-loop system.

Assumption 1: The pair (A, B) is stabilizable.

Remark 1: For the nominal systems % = Ax(t) +
Bu(t) + B, w(t), there exists a linear control law Kx such
that A + BK is Huiwitz.

3. ROBUST CONTROL INVARIANT SETS
BASED ON LOGARITHMIC NORM

In this section, the concept and characterization of log-
arithmic norm are introduced. After that the scheme to
obtain robust control invariant sets based on logarithmic
norm is discussed.
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The logarithmic norm of a real matrix M is defined as
[30,31]

. +mM|| -1
m ——-

M) =1 3
uM) = lim ————, ©)
where the symbol || - || represents any matrix norm defined

in the inner product space with an inner product (x,y), and
I is the dimensional compatible identity matrix. Note that
the name of logarithmic norm is original from estimating
the logarithm of the norm of solutions to the differential
equation X = Mx, i.e.,

d
log||x]| < u(M) or —=

where d/di™ is the upper right Dini derivative. That is,
the maximal growth rate of log ||x|| is u(M).

For the standard inner product (x,y) := xy, the loga-
rithmic norm of the matrix M is given by [32]

#Z(M) = Hs|l\lp <.X,M.X>, (4)
x||=1

which is equivalent to

o (M ) = Afmax < )

M+M" )

Remark 2: If the standard inner product (x,y) = x’y
is adopted, there is no guarantee that there exists a ma-
trix K € R"™ x R™ such that u, (A + BK) < 0 for any pair
(A,B) even if (A, B) is stabilizable. Thus, in the following
the inner product (x,y) := x” Hy is introduced, where H is
a positive definite matrix.

Suppose that x,y are finitely many dimensions, and
(x,y) := xT Hy, where H is a positive definite matrix, then

ty (M) = max {4 | det(M"H+HM —2AH) = 0},
®)

where det(-) is the determinant of a given matrix [32].
Eq. (5) specifies pugy(M) as a solution to a generalized
eigenvalue problem. If H = I, uy (M) becomes 1, (M).
For the sake of computation purposes, Eq. (5) can be re-
formulated as the form of the following matrix inequality:

(M) =min{B |M"H+HM —2BH <0}.  (6)

Next lemma collects a subset of well-known results,
whose proof can be found in [31,32], or reference therein.

Lemma 1: Let M and N be square matrices, and 1> 0.
Then

- p(AM) = Au(M),

- W(M+N) < pu(M)+p(N),

- M| < enr,

It concludes immediately from Lemma 1 that ||| <
1 for all nonnegative ¢ if and only if w(M) <0 [31,32].
Eq. (4) together with Eq. (5) show that logarithmic norm
is not a real norm since it can be negative in some cases.

Since (A,B) is stabilizable, there exist a state feed-
back matrix K € R"™*™ and positive matrix P € R
such that (A + BK)"P+ P(A+ BK) < 0 [33]. Compared
with Eq. (6), t1,(A+BK) < 0, i.e., [|e@+BK)|| , < 1 while
(A+BK)"P+ P(A+BK) < 0.

For simplicity, denote A.; := A + BK. The evolution of
system (2) under the control law u := Kx can be written as

x(1) = ' x(0) —|—/r AR w(T)dT, 7
0

where x(0) is the initial state of the system (2).

The exogenous disturbance w(t) is bounded in the in-
ner space (x,x) := x’ Px, that is |w||, < W) max in terms
of the equivalent induced matrix norm, where w, max is a
given scalar. For example, if (x,y) = x” Py, then w, max <

A'max (P )Wmax-

The following theorem provides a way to construct ro-
bust control invariant sets of system (2).

Theorem 1: Consider system (2). Suppose that there
exist K € R™*" and a positive definite matrix P € R™*"
such that f1,(A¢;) < 0. Then, the set

1Byl W p.max
Q) = {x eR™ | ||x||, < TR RmE (8)
| HP _.up (Ac[)

is a robust invariant set of the system (2).

Proof: The inequality ||e*'||, < e*»(4") is used to es-
timate the solution (7):

1
@)l <[5, + [ [ Bow(o)]| av

Seup(A[-/t) ||x(0) Hp

+ (1 _ e“"(A“’t)) [[Bw [l pWp,max

—Hp (Act)
Byl ,w
—enae) (a0~ el )
i _.up (Acl)
BW w ,Jmax
1Byl
—Hp (Act)
Thus, if x(0) € Q, then x(¢) € Q for all 1> 0. Therefore,
Q is an invariant set of system (2). Il

Remark 3: If there exists a matrix K € R™ x R™ such
that u, (A + BK) < 0 for the pair (A, B), then the closed-
loop system has the “optimal" transient behavior since
[|e|| < Met>ABR with M = 1.

The above discussion also gives a valuable insight into
part b) of Problem 1, in the chapter of “Problem 6.3" [34],
for the system which has the property of t, (A + BK) < 0.
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Theorem 1 shows that there exist control invariant sets,
if the corresponding nominal systems are exponentially
stable. In the next section, robust control invariant sets
of linear systems with uncertainties are considered.

4. ROBUST CONTROL INVARIANT SETS
BASED ON DIFFERENTIAL INEQUALITY

Definition 2 [33]: A continuous function « : [0,a) —
[0,0) is said to belong to class K if it is strictly increasing
and o(0) = 0. Tt is said to belong to class K if a = o and
o(r) — o as r — oo,

Lemma 2 [35]: Let S: R™ — [0,c0) be a continuously
differentiable function and oy (||v]]) < S(v) < aa(|]v])-
Suppose there exist & > 0 and p > 0 such that

4

dtS(v) +aS(v) —uw'w <0, YweWw, (10)

where @, @ are class K. functions. Then, for a general
nonlinear systems v = f(v,w), the system trajectory will
remain in the set Q if v(f) € Q, where f(-,-) is a Lipschitz
function on v and w, and

2
Q= {veR"‘ S(v)g‘”:x"m}. (11)

The following proof gives an interpretation of Lemma 2
from the optimization theory perspective.

Proof: For nonlinear systems v = f(v,w), v ¢ Q is
equivalent to S(v) > “W%, and w € W is equivalent to
w(t)Tw(t) < w2, for all £ > 0. In accordance with S-
procedure [29], it is sufficient for S(v) < 0 for all x ¢ Q
and for all w € W, if it holds that

dt o

1% "V2
) ()~ ) o w0 w)

>0

)

48(v)+aS(v) — uw'w <

with u > 0 and a > 0. That is, =

0 for all w(t) € W. O
4.1. Robust control invariant sets of linear uncertain
systems

Our goal in this subsection is to find a robust control in-
variant set for the given differential inclusion (1).

4.1.1 Polytopic model of linear uncertain systems
If [A+AA,B+ AB,B,, + AB,] € £, where

L:=Co{[Ay B Buil|,....[Av By Bun]},
(12)

then, X is a polytopic differential inclusion of system (1),
[Ai Bi B,,].i€Zyy, is the vertex matrix of the set ¥,
and N is the number of the vertex matrix.

Theorem 2: Suppose that there exist a positive def-
inite matrix X € R™*"x, a possible non-square matrix
Y € R"™*™ and scalars & > 0 and u> 0 such that

. YT 1A, , ,
{(A,XJFB,Y) +:1,X+B,Y+ax lel}jo’ (13)

for all i € Zy; ). Then, with u(t) := Kx(t) and S(x(t)) :=
x(¢)T Px(t), inequality (10) is satisfied for the polytopic
linear differential inclusion (12), where P := X! and
K :=YX . Therefore, the system (1) is robustly invariant
in the set

2
Q= {xGR”‘ x'Px < ”W’"“}

o
Proof: Pre-and post-multiplying (13) by diag(P,])
yields

KT .
{(AH'BzK) PP(Art BKJtoP PBW.,} 0 a4
* —ul
for all i € Zy; ). Multiplying (14) from both sides with
V()" w(r)"] and [v(r)" w(t)T]T, respectively, due to
Eq.(1), it follows that the inequality

d

o (v(t)"Pv(t)) + av(t) Py(t) — uw(t) ' w(t) <0
is satisfied for all w(r) € W. Therefore, inequality (10)
holds for the system (1). O

Remark 4: Compare (13) with the condition (6.28) in
[29] and (4.23) in [8], an extra freedom, parameter U, is
introduced which will reduce the conservativeness of the
involved optimization problem.

4.1.2 Norm-bounded model of linear uncertain sys-
tems

If [A+AA,B+AB,B,,+ AB,| € ¥, where
£ ={(AB.B,) | A=A+MAWN,
B =B+ MA(t)N2,B,, = B,, + MA(t)N3 },
M, Ny, N, and N3 are known matrices with the appropri-
ate dimensions and A(r) is a time-varying norm-bounded
matrix satisfying
G(A(r)) <1.

Then, X is a norm-bounded differential inclusion of sys-
tem (1).

In the proof of the next theorem, the following lemma
is needed.

Lemma 3 [36]: Given matrices Y, H, E of appropriate
dimensions and with Y being symmetrical, then

Y+HFE+ETFTHT <0

for all F satisfying FTF < I, if and only if there exists a
scalar € > 0 such that

Y+eHHT +¢'ETE < 0.
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Parallel to Theorem 2, we have the following theorem:
Theorem 3: Suppose that there exist a positive def-
inite matrix X € R™*"_ a possibly non-square matrix
Y € R™*™ and scalars a > 0, 4 > 0 and £> 0 such that

I B, MNMX+MNY)
* =l N =0, (15)
* * —el

where I':= (AX +BY )T + AX + BY + aX +eMM?. Then,
with u := Kx and S(x) := x” Px, inequality (10) is satis-
fied for the system (1), where P:=X ' and K ;=YX
Therefore, the system (1) is robustly invariant in the set

2
Q= {x eR™ | xTPx < “W?}

Proof: Performing a congruence transformation on
(15) with the nonsingular matrix diag{P, 1,1}, the follow-
ing inequality is obtained

PTP PB, (N;+NK)T
x -l NT =<0. (16)
* * —e&l

By the Schur complement, (16) is equivalent to

(A+BK)"P+P(A+BK)+aP PB,
* —ul

o [+ NK)T
+e 1{( ! Ngﬁ ) }[N1+N2K Ns]

PM
+£[ 0 } [MTP 0] <0.
Since 6(A (7)) < 1 and €> 0, due to Lemma 3, the forgo-
ing equation is equivalent to

H PBW

<
L ] 20 (17)
where [ := ATP + PA; + oP with A; := A+ MAN; +
(B+ MAN,)K. Multiplying (17) from both sides with
()" w()] and [v(t)" w(t)"]", respectively, in-
equality (10) holds for the system (1). (|

4.2.  Optimization of robust control invariant sets

In order to limit the effects of disturbances or pertur-
bations, the minimal robust control invariant set is recom-
mended. The volume of ellipsoid centered at the origin Q
is proportional to det (%X ) [29], which is not convex,
but monotonic transformations can render it convex. The
geometric mean of the eigenvalues [37], which leads to
minimization of det(oX )L can be used to solve the de-
terminant maximization problem by YALMIP : a toolbox
for modeling and optimization in Matlab.

The minimization problem of the ellipsoid €2 can be for-
mulated as

Problem 1:

2 ny
maximize det (W) (18)

XY, o,u
subject to  (13)

or
Problem 2:

2 X\
maximize det < uw% > (19)

XY, ou,e

subject to  (15)

Remark 5: Both Problem 1 and Problem 2 are not
linear matrix inequalities (LMIs) optimization problems

since there exist terms of oX and “W'Z“T"XX. In order to find
a possible minimum robust control invariant set by LMI
Toolbox, a search over ¢ and U, or o, 1 and €, is required,
respectively.

Remark 6: Both state and input constraints can be con-
sidered in the framework of multi-objective optimization
solved using LMI [4, 38].

5. ILLUSTRATIVE EXAMPLES

5.1. Example 1

Consider an open-loop unstable system
x(t) = Ax(t) + Bu(t) + B,w(t), (20)
. -1.1 2 1 0
w1thA—[3 4],3—[3},1%—[1}
The disturbance w € W C R!, where
Wi={weR'|-01<w<0.1}. (1)

Choosing P = I in Theorem 1, the logarithmic norm
of system (20) with a linear control law u = Kx can be
obtained by solving the following optimization problem

minimize A
KA
subject to
24 —(A+BK)— (A+BK)" = 0.

The obtained logarithmic norm is A = —0.5562. Thus,
[|eA+BRI ||, < 70352 With the control gain K =
[0.2836 2.2992] , the robust control invariant set is

Q= {xeR*|x"x<0.1798}.

The control invariant set yielded of the Theorem 1 is
shown by the dashed ellipsoid in Fig. 1. The control in-
variant set given by Theorem 2 is represented by the solid
ellipsoid, the control invariant set given by Eq.(6.28) in
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Fig. 1. Control invariant sets of the system (20).

[29] is represented by the dashed-dotted ellipsoid, respec-
tively, where & = 4 is chosen. Since the aim to design
a robust control law is to limit the effect of disturbances
or perturbations on system dynamics, it can be seen from
Fig. 1 that Theorem 2 is the least conservative among the
three schemes.

5.2.

Consider an uncertain linear system

Example 2

X1 =2(1—2A)x; +x2+ Au,

Xp=x1—8(1—A)xy+Au+w (22)

with 4 € [0.2,0.8]. The disturbance w € W C R!, c.f.
(21).
The vertex matrices of the polytopic model (12)
1.6 1 0.4 1
are A = {1 6.4]’ 42 = [1 1.6}’ B =
02 02]",B,=1[08 08]",B,=Bn=[0 1]".
Solving Problem 1 iteratively to get a robust control in-
variant set of the system (22)

Qo = {xeR”*‘ \xTPxS Oc}

0.6789 0.0951
0.0951 0.2207
sponding linear control law is u = [— 16.0101 -3. 1349] X.

with P = [ } and a = 0.0368. The corre-

6. CONCLUSIONS

In this paper, schemes for the computation of robust
control invariant sets were proposed for systems with
norm-bounded uncertainties or polytopic uncertainties,
and with additive but bounded disturbances. Logarith-
mic norm as well as the functional inequality was used to
design robust control invariant sets. Furthermore, robust
control invariant sets and the corresponding state feedback
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control law can be solved through an LMI optimization
problem.

(1]

(2]

(3]

(4]

(5]

[10]

(1]

[12]

[13]

[14]

[15]

REFERENCES

I. Kolmanovsky and E. Gilbert, “Theory and computation
of disturbance invariant sets of discrete-time linear sys-
tems,” Math. Probl. Eng., vol. 4, no. 4, pp. 317-367, April
1998.

F. Tahir and I. M. Jaimoukha, “Roubst positively invari-
ant sets for linear systems subject to model-uncertainty and
disturbances,” Proc. of 4th IFAC Nonlinear Model Predic-
tive Control Conference, pp. 69-73, 2012,.

F. Tahir and I. M. Jaimoukha, “Low-complexity polytopic
invariant sets for linear systems subject to norm-bounded
uncertainty,” IEEE Trans. Automat. Contr., vol. 60, no. 5,
pp. 1416-1421, May 2015. [click]

M. V. Kothare, V. Balakrishnan, and M. Morari, “Robust
constrained model predictive control using linear matrix
inequalities,” Automatica, vol. 32, no. 10, pp. 1361-1379,
October 1996. [click]

F. Blanchini, “Set invariance in control,” Automatica,
vol. 35, no. 11, pp. 1747-1767, November 1999.

E. C. Kerrigan, Robust Constraint Satisfaction: Invariant
Sets and Predictive Control, Ph.D. Thesis, University of
Cambridge, 2000.

H. Chen and K.-H. Guo, “Constrained H.. control of active
suspensions: An LMI approach,” IEEE Contr. Syst. Tech.,
vol. 13, no. 3, pp. 412-421, March 2005.

F. Blanchini and S. Miani, Set-Theoretic Methods in Con-
trol, Springer, Boston, 2007.

M. Dorothy and S. Chung, “Switched systems with multi-
ple invariant sets,” vol. 96, pp. 103-109, October 2016.

M. S. Darup and M. Monnigmann, “A stabilizing control
scheme for linear systems on controlled invariant sets,”
Syst. Contr. Lett., vol. 79, pp. 837-849, May 2015.

D. Q. Mayne, J. B. Rawlings, C. V. Rao, and P. O. M.
Scokaert, “Constrained model predictive control: stability
and optimality,” Automatica, vol. 36, no. 6, pp. 789-814,
June 2000. [click]

H. Chen and F. Allgéwer, “A quasi-infinite horizon nonlin-
ear model predictive control scheme with guaranteed sta-
bility,” Automatica, vol. 34, no. 10, pp. 1205-1217, Octo-
ber 1998. [click]

W. H. Chen, J. O’Reilly, and D. J. Ballance, “On the ter-
minal region of model predictive control for nonlinear sys-
tems with input/state constraints,” Int. J. Adaptive Control
and Signal Process, vol. 17, no. 3, pp. 195-207, March
2003. [click]

S. Yu, H. Chen, P. Zhang, and X. Li, “An LMI optimization
approach for enlarging the terminal region of NMPC,” Acta
Automatica Sinca, vol. 34, no. 7, pp. 798-804, July 2008.

S. Yu, H. Chen, and X. Li, “Enlarging the terminal region
of NMPC based on T-S fuzzy model,” International Jour-
nal of Control, Automation and Systems, vol. 7, no. 3, pp.
481-486, March 2009.


http://dx.doi.org/10.1109/TAC.2014.2352692
http://dx.doi.org/10.1016/0005-1098(96)00063-5
http://dx.doi.org/10.1016/S0005-1098(99)00214-9
http://dx.doi.org/10.1016/S0005-1098(98)00073-9
http://dx.doi.org/10.1002/acs.731 View/save citation

628

[16]

(17]

(18]

(19]

(20]

(21]

[22]

(23]

[24]

[25]

(26]

(27]

(28]

[29]

Shuyou Yu, Yu Zhou, Ting Qu, Fang Xu, and Yan Ma

J. Lu, Z. Gao, and F. Gao, “Ellipsoid invariant set-based ro-
bust model predictive control for repetitive processes with
constraints,” IET Control Theory & Applications, vol. 10,
no. 9, pp. 1018-1026, September 2016.

S. V. Rakovic, E. C. Kerrigan, K. I. Kouramas, and D. Q.
Mayne, “Invariant approximation of the minimal robust
positively invariant set,” IEEE Trans. Automat. Contr.,
vol. 50, no. 3, pp. 406-410, March 2005. [click]

P. Trodden, “A one-step approach to computing a poly-
topic robust positively invariant set,” IEEE Trans. Automat.
Contr., vol. 61,no. 12, pp. 4100-4205, December 2016.

S. V. Rakovic and M. Baric, “Parameterized robust con-
trol invariant sets for linear systems: Theroetic advances
and computational remarks,” IEEE Trans. Automat. Contr.,
vol. 55, no. 7, pp. 1599-1614, July 2010. [click]

S. V. Rakovic, E. C. Kerrigan, D. Q. Mayne, and K. L.
Kouramas, “Optimized robust control invariance for linear
discret-time systems: Theoretical foundations,” Automat-
ica, vol. 43, no. 5, pp. 831-841, May 2007. [click]

C. Liu and I. Jaimoukha, “The computation of full-
complexity polytopic robust control invariant sets,” Proc.
of 54th IEEE Conference on Decision and Control, pp.
6233-6238, 2015. [click]

T. B. Blanco, M. Cannon, and B. D. Moor, “On efficient
compuation of low-complexity controlled invariant sets for
uncertain linear systems,” Int. J. Contr., vol. 83, no. 7, pp.
1339-1346, 2010. [click]

S. V. Rakovic, A. R. Teel, D. Q. Mayne, and A. Astolfi,
“Simple robust control invariant tubes for some classes of
nonlinear discrete time systems,” Proc. of 45th IEEE Conf.
Decision Contr., pp. 6397-6402, 2006.

M. Korda, D. Henrion, and C. N. Jones, “Convex computa-
tion of the maximum controlled invariant set for discret-
time polynomial control systems,” Proc. of 52th IEEE
Conf. Decision Contr., pp. 7107-7112, 2013.

M. Korda, D. Henrion, and C. N. Jones, “Convex compu-
tation of the maximum controlled invariant set for discret-
time polynomial control systems,” SIAM J. Contr. Optim.,
vol. 52, no. 5, pp. 2944-2969, May 2014. [click]

Y. Li and Z. Lin, “The maximal contractively invariant el-
lipsoids for discrete-time linear systems under saturated
linear feedback,” Automatica, vol. 76, pp. 336-344, Febru-
ary 2017. [click]

M. Fiacchini, T. Alamo, and E. F. Camacho, “On the com-
putation of convex robust control invariant sets for nonlin-
ear systems,” Automatica, vol. 46, no. 8, pp. 1334-1338,
August 2010.

K. Takaba and Y. Tomida, “Ellipsoid invarinat set of frac-
tional order uncertain systems subject to actuator saturation
and disturbance,” Proc. of 35th Chinese Control Confer-
ence (CCC), pp. 10412-10417, 2016.

S. Boyd, L. El Ghaoui, E. Feron, and V. Balakishnan,
Linear Matrix Inequalities in System and Control Theory.
SIAM, Philadelphia, 1994.

(30]

(31]

(32]

(33]

[34]

(35]

[36]

(37]

(38]

G. Dahlquist, Stability and Error Bounds in the Numeri-
cal Integration of Ordinary Differential Equations, Kungl.
Tekniska Hogskolaus Handlingar, Stockholm, Nr. 130,
1959.

K. Dekker and J. G. Verwer, Stability of Runge-Kutta
Methods for Stiff Nonlinear Differential Equations, North-
Holland, Amsterdam, 1984.

T. Strom, “On logarithmic norms,” SIAM J. Numer. Anal.,
vol. 12, no. 5, pp. 741-753, May 1975. [click]

H. K. Khalil, Nonlinear Systems, 3rd edition, Prentice Hall,
New York, 2002.

V. Blondel and A. Megretski, Unsolved Problems in Math-
ematical Systems and Control Theory, Princeton Univer-
sity, Princeton, New Jersey, Press, 2004.

S. Yu, C. Bohm, H. Chen, and F. Allgower, “Robust model
predictive control with disturbance invariant sets,” Proc. of
Amer. Contr. Conf., pp. 6262-6267, 2010. [click]

P. P. Khargonekar, I. R. Petersen, and K. Zhou, “Robust
stabilization of uncertain linear systems: quadratic stabi-
lizability and H.. control theory,” IEEE Trans. Automat.
Contr., vol. 35, no. 3, pp. 356-361, March 1990. [click]

Y. Nesterov and A. Nemirovsky, Interior Point Polyno-
mial Methods in Convex Programming, SIAM Publica-
tions, Philadelphia, USA, 1994.

H. Chen and C. W. Scherer, “Moving horizon H., con-
trol with performance adaptation for constrained linear sys-
tems,” Automatica, vol. 42, no. 6, pp. 1033-1040, June
2006. [click]

Shuyou Yu received his B.S. and M.S. de-
grees in Control Science & Engineering
at Jilin University, PR China, in 1997 and
2005, respectively, and his Ph.D. degree in
Engineering Cybernetics at the University
of Stuttgart, Germany, in 2011. From 2010
to 2011, he was a research and teaching as-
sistant at the Institute for Systems Theory
and Automatic Control at the University of

Stuttgart. In 2012, he joined the faculty of the Department of
Control Science & Engineering at Jilin University, PR China,
where he is currently a professor. His main areas of interest are
in model predictive control, robust control, and applications in
mechatronic systems.

Yu Zhou received her B.S. degree in Elec-
trical Engineering and Automation at Jilin
University of Architecture, Changchun,
China, in June 2016. Since September
2016, she is studying for a master’s degree
in Control Engineering at Jilin University,
Changchun, China. Her current research
interests include model predictive control,
moving horizon estimate.


http://dx.doi.org/10.1109/TAC.2005.843854
http://dx.doi.org/10.1109/TAC.2010.2042341
http://dx.doi.org/10.1016/j.automatica.2006.11.006
http://dx.doi.org/10.1109/CDC.2015.7403200
http://dx.doi.org/10.1080/00207171003692662
http://dx.doi.org/10.1137/130914565
http://dx.doi.org/10.1016/j.automatica.2016.10.007
http://dx.doi.org/10.1137/0712055
http://dx.doi.org/10.1109/ACC.2010.5531520
http://dx.doi.org/10.1109/9.50357
http://dx.doi.org/10.1016/j.automatica.2006.03.001

Control Invariant Sets of Linear Systems with Bounded Disturbances 629

Ting Qu received her B.S. and M.S. de-
grees from the Northeast Normal Univer-
sity, Changchun, China, in 2006 and 2008,
respectively, and her Ph.D. degree in Con-
trol Science and Engineering from lJilin
University of China in 2015. Since 2015,
she is a Lecturer with the State Key Labo-
ratory of Automotive Simulation and Con-
trol at Jilin University, China. Her research
interests include model predictive control, driver modeling, and
human-machine cooperative control.

Fang Xu received her B.S. degree in Au-
tomation and her Ph.D. degree in Con-
trol Science and Engineering from lJilin
University, Changchun, China, in 2009
and 2014, respectively. She is currently
a Lecturer with the Department of Con-
trol Science and Engineering, Jilin Uni-
versity. Her current research interests in-
clude model predictive control, optimiza-
tion methods, and field-programmable gate arrays.

Yan Ma received her B.S. degree in Au-
tomatica Department at Harbin Engineer-
ing University, PR China, in 1992, and
her M.S. and Ph.D. degrees in Control Sci-
ence & Engineering at Jilin University, PR
China, in 1995 and 2006, respectively. In
1995, she joined former Jilin University of
Technology. From 2007 to 2008, she was
a Post doctor at Poly U, Hong Kong. Since
2009, she has been a Professor in Control Science & Engineer-
ing at the Jilin University. Her current research interests include
nonlinear estimation, optimal and robust control, and applica-
tions in battery management system of electric vehicles.



	20
	20.[622-629] 77) 16-00745R1

